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We have proved that in some cases and in a manner, the Hirzebruch sum is an 
eigenfunction for the Hecke operators. ‘i‘ 1991 Academkc Press, Inc. 
1. INTRODUCTION AND RESULTS 
For a real quadratic irrational number c(, let 
0, if k is odd; 
-g=, (-l).““f$ if k is even, 
where we assume that c1 has a development of the simple continued 
fractions 
LY = [ci,, . ..) Liy, a,, . ..) a,], 
with the basic period a,, . . . . ak. 
We call Y(v) the Hirzebruch sum of a. 
The famous example due to Hirzebruch is the following 
THEOREM (F. Hirzebruch, [2]). Let p be a prime, p = 3 (mod 4) and 
p > 7. If the real quadratic number field Q(d) has class number one, then 
the imaginary quadratic number field Q(G) has class number 
4 -PI = f W,hb 
It is easy to show that if M = (z 2) E GL(2, Z), and det M = _+l, then 
we have that 
Y(M(a)) = (det M) Y(a). 
* Supported by SF of Chinese Educational Ministry. 
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In this paper, we consider the action of Hecke operators on the Hirzebruch 
sum. 
Let N be a positive integer, and f(x) be a function of x E R. We define 
the Hecke operator T, as 
(T,vfNx)= c f(y)- 
WZn=N 
P?l>O 
w( mod m  ) 
The main results of this paper are the following Theorems 1, 4, and 7, as 
well as their Corollaries 3 and 6. 
THEOREM 1. For a prime p E 1 (mod 4) and c1= (b + &)/a with two 
integers a and h such that 
a > 0, g.c.d.(a, 2p) = 1 and a)4p-b’, 
we have 
with 
CT, y)(a) = (pg, + 1) V~)> 
i 
1, if PI&; 
g, = 
P, if P!%, 
where we assume that the fundamental unit of the real quadratic number field 
Q(h) is 
E= to + uo & 
2 
EXAMPLE 1. Let p be a prime, and p = 1 (mod 4); then we have 
CT, Wq”% = kg, + 1) V&6). 
There is a famous conjecture: 
Conjecture 2 (N. C. Ankeny, E. Artin, and S. Chowla [ 11). For a 
prime p = 1 (mod 4) we have that g,, = p. 
If the Conjecture 2 is true, then we have (see Section IV) 
!P(w+~)=Y(p&), for lQw<p-1, 
so we get the following 
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COROLLARY 3. Zf, for a prime p E 1 (mod 4), the conjecture 2 is true, 
then we have 
VP $G) =PWG). 
Remark. The reason for using Y(A) is Y(A) = 0, if the prime p = 1 
(mod 4). 
THEOREM 4. For a prime p E 3 (mod 4) and c( = (h + &)/a with two 
integers a and b such that 
a > 0, PJa and a I p-b*, 
we have 
V,YY)(~)=((p+2)g;-l) Y(a), 
with 
g;= l, 
i 
if P I uo> 
P, if P!u,, 
where we assume that the fundamental unit of the real quadratic number field 
Q(A) is E=tO+Uo&. 
EXAMPLE 2. Let p be a prime, and p = 3 (mod 4) then we have 
(T,‘Y)(&)=((p+2) g;- 1) %/‘&. 
There is also another famous conjecture: 
Conjecture 5 (L. J. Mordell [ 53). For a prime p z 3 (mod 4), we have 
g; = P. 
Similar to the above Corollary 3, we have the following 
COROLLARY 6. If the Conjecture 5 is true for a prime p = 3 (mod 4), 
then we have 
VpJ;;))=(p+2) WA). 
Remark. Theorems 1 and 4 show that in some cases and in a manner, 
the Hirzebruch sum is an eigenfunction for the Hecke operators. 
Theorems 1 and 4 are consequences of the following general theorem. 
THEOREM 7. Let the positive integer A = B2 + 4AC be a non-square with 
three integers A, B, and C satisfying the following conditions: 
A>1 and g.c.d.(A, B, C) = 1. 
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Then, for a positive integer N and the real quadratic irrational number 
CI = (B + fi)/2A, we have 
where a(N) is the sum of the positive divisors of N, and the positive integers 
J(N, A) and J(n, m, w, cc) are defined as follows. 
Let (to + u. JY A 2 and (t + MN Jd)/2 be the least solutions of the Pell’s 
equation x2 - Ay2 = 4, and x2 - AN’y’ = 4, respectively. Then J(N, A) is 
defined by the equation 
Let 
V= V(n, m, w, IX) = u .g.c.d.(Am2, BN+ 2Amw, Aw’ + Bnw - Cn2); 
then V is a positive integer and it is easily seen that V2 1 AN2u2. Let 
D=D(n,m,w,cl)=(t=-4)V ‘; 
then D is a non-square positive integer, and we define the positive integers 
J(n, m, w, a) by the equations 
where (i + li $)/2 is the least solution for the Pell’s equation .x2 - Dy2 = 4. 
As shown in Section III, the Theorem 7 is a consequence of a result of 
M. I. Knopp [3] and a formula in my paper [4]. In fact, the result of 
Theorem 7 is equivalent to the identity of M. I. Knopp, by using my 
formula in [4]. 
II. PRELIMINARIES 
For a modular matrix M = (z “,) E SL,(Z), and the logarithm of 
Dedekind q-function 
log v(Z) = g _ f E$J e*nin:, Imz>O 
fl=l 
HIRZEBRUCH AND HECKE OPERATORS 189 
(we should agree that log i = x/2) there exists a transformation formula 
(c.f. C611, 
log q(M(z)) = log q(z) + z Q(M) + 5 (sign(c))’ log 
sign(c)(cz + d) 
i 
3 
where 
Q(M) = 
W, if c= 0; 
(a + d)/c - 12 sign(c) s(d, /cl), if c # 0, 
with the so-called Dedekind sum (for h, k E Z, and k 2 1) 
and 
((x)) = {b”’ - *‘2, if x is not an integer, 
5 if x is an integer, 
here {x} is the fractional part of x. 
In [4], we have proved that if c # 0 and la + dl > 2, then we have 
@(M) = sign(c(a + d)) (3 + m(M) !Y(cI~)), 
where 
CI M= 
a-d+/‘- 
214 
and the positive integer m = m(M) is defined as follows: 
Let 
u= la+dl, v = g.c.d.(a - d, 6, c), D = v -2(u2 - 4). 
It is easy to show that D is a non-square positive integer. Then we define 
the positive integer m = m(M) by the equation 
where (uO + v0 a)/2 is the least solution for the Pell’s equation 
x2 - y2D = 4. 
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It is easy to prove that 
4qk qk) = s(h, k), for qeZ+, 
and 
s(h + k, k) = s(h, k). 
A nice identity due to M. I. Knopp [3], which we require, is 
.,,c= N s(nh + wk, mk) = o(N) s(h, k), 
m>o 
a,(mod m,  
for a positive integer N. 
III. THE PROOF OF THEOREM 7 
First, we consider the modular matrix 
fi = (t+BNu)P CNU 1 ANu (t - BNu)/2 > ’ sL2(z)’ 
According to Section II, we have that 
3+J(N, A) Y(a)=& 12s (3.1) 
since it is easy to show that cl(&) = tl and m(&) = J(N, A). 
Second, we consider the modular matrices 
J%?w., = (t + BNu)/2 + Amuw - u( Aw2 + Bwn - Cn’) Am’u (t - BNu)/2 - Amuw E SL,(Z). 
It is also easy to show that 
and 
m(fin,m.w,r ) = J(n, m, w, a). 
So, according to Section II, we get that 
t t-BNu 
3+J(n,m,w,a) Y =AumZ 
-12s ~- Amuw, Aurn’ 
2 
(3.2) 
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Therefore, from (3.2), Section II, and (3.11, we have 
3a(N)+ c J(n,m,w,or) Y T 
P7?7=N ( 1 
mzo 
w(mod m) 
m>O 
w(mod m) 
Amuw 
m > 0 
n,tmod M) 
2&12 1 t-BNu n p+ ANuw, ANum 
??VZ=N 2 > 
m>O 
w(mod m) 
WV =-- 124N)s 
AuN 
= dNI(3 +4X A) ‘J’u(cc)), 
which proves our Theorem 7. 
IV. THE PROOF OF THEOREM 1 AND COROLLARY 3 
Proof of Theorem 1. In Theorem 7, we take A = a, B= 2b, 
C= (4p - b)/a, A = B2 + 4AC= 16p, and N = p. It is easy to see that 
g.c.d.(A, B, C) = 1. 
There exists no difficulty in proving that 
J(P, A)= g,, 
VP, LO,M)=K 
if aw+bfO (modp), 
if aw+bzO (modp), 
J(P, LO, E) = 1, 
and 
41, p, w, a)= 
1, if aw+b$O (modp), 
g,, if aw+b=O (modp). 
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Hence we get 
(T,‘Y)(cr)=(p+l)g,y(a)+(l-g,)y 
aw,+b+JG 
3 (4.1) ap 
> 
with an integer wO such that 
aw, + h s 0 (mod p). 
Let UMJ~+ b=np, neZ. Then we have 
.(a~; + 2bw, - C) = (aw, + b)2 - (b2 + aC) = (n’p - 4) p, 
which claims that 
n’p-4=ad, 
awi + 2bw, - C = dp, 
nb-4=a(d-won), 
with de Z. Since p E 1 (mod 4), there exists a pair of integers x and y such 
that 
x2-py2= -1. 
It is easily seen that 2 1 x and 2 j y. Let x = 2x,; then we have 
4x;-py2= -1 
Let 
A=y-xx,n, B=w,,y+(d-wOn)xO, 
c = - ax, and D=pp?,+bx,. 
Then 
d&-c=py2+ (b-np+aw,)x,y+ (a(d- w,n)- bn) xi 
=py’-4x;= 1, 
which claims that 
A= 2 B 
( > 
c d ESL,(Z). 
Since 
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R(a) = A”((b + &)/a, + B 
z;((b + J4p)la) + D 
=(Y-xon)~+(y-.u,n)h+(w,y+(d-w,n)x,)a 
-ax,Jq-bax,+(py+bx,)a 
=“PY-4xo+(y-x*n)$G 
4P.Y - 7x0 $6) 
=(~Y+2xo)(nyp-4xo+(Y-xon)~) 
4 
~~~o~nyp-4~,~+~~y~~-~,n~+((nyp-4~,)y+4xo(.~-xon))~ 
4 
= WY2 - 4x3 + 4PY2 - 4x3 J;; 
a,/;; 
=2+n&=v+&=awo+b+$6. 
a& w ap ’ 
therefore we get that 
and Theorem 1 follows from the above equality and (4.1). 
Proof of Corollary 3. The condition is that g, = p. In this case, it is easy 
to show that the least solution t + u fi of the Pell’s equation 
x2 - 4py2 = 1 
satisfies p [ U. Hence the integers defined by 
(t+utl;S;Jr=tj+ujJij (l<j<p-1) 
satisfy 
Pi”j, for 1 <j<p- 1. (4.2) 
In this case, we have the following assertion: 
{tjuI:‘(modp),l<j<p-l}={j(modp),ldj<p-1). (4.3) 
First, it is easy to see that the set on the left hand side is contained in 
the right one. Second, if there are two indices j and j’ such that 
l<j<j’<p-1 and KU:’ G tjru,:’ 
J J 
(mod p), 
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then we have 
tiu,,- tjpu, ~0 (mod p) 
and 
lli’-i= t,u/- t;,u,-O (mod p). 
This contradicts to (4.2). Hence the assertion (4.3) is true. 
Therefore, for a given integer w  3 0 (mod p), there exists an index 
j, (1 djo<p- 1) such that 
Let 
Then we have 
which implies that 
Since 
ulow + t,, = 0 (mod p). 
d= w”jo + ‘h 
P ’ 
I3 = wtjo + 4pujo, 
c = ujo and B = ptlo. 
Ald-Bz;=t;,-4pu;,= 1, 
= twu,j~ + tjcJ) $2 + wt,o + 4Pujrl 
'JoP J4P +Ptjo 
=w@-4pu’)+(tl--4puZ)~ 
P(t; - 4PQ 
w+ J4p = 
P ’ 
we get 
From this and Theorem 1, we obtain Corollary 3. 
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V. PROOFS OF THEOREM 4 AND COROLLARY 6 
The proofs of Theorem 4 and Corollary 6 are similar to those in 
Section IV, and we omit the details. 
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